Abstract: For an integer m ≥ 1, a combinatorial manifold M is defined to be a geometrical object M such that for ∀p ∈ M , there is a local chart (U p , ϕ p ) enable ϕ p : U p → B n i 1
§1. Introduction
As a model of spacetimes in physics, various geometries such as those of Euclid, Riemannian and Finsler geometries are established by mathematicians. Today, more and more evidences have shown that our spacetime is not homogenous. Thereby models established on classical geometries are only unilateral. Then are there some kinds of overall geometries for spacetimes in physics? The answer is YES. Those are just Smarandache geometries established in last century but attract more one's attention now. According to the summary in [4] , they are formally defined following. Definition 1.1 ([4] , [17] ) A Smarandache geometry is a geometry which has at least one Smarandachely denied axiom (1969) , i.e., an axiom behaves in at least two different ways within the same space, i.e., validated and invalided, or only invalided but in multiple distinct ways.
A Smarandache n-manifold is a n-manifold that support a Smarandache geometry.
For verifying the existence of Smarandache geometries, Kuciuk and Antholy gave a popular and easily understanding example on an Euclid plane in [4] . In [3] , Iseri firstly presented a systematic construction for Smarandache geometries by equilateral triangular disks on Euclid planes, which are really Smarandache 2-dimensional geometries (see also [5] ). In references [6] , [7] and [13] , particularly in [7] , a general constructing way for Smarandache 2-dimensional geometries on maps on surfaces, called map geometries was introduced, which generalized the construction of Iseri. For the case of dimensional number≥ 3, these pseudo-manifold geometries are proposed, which are approved to be Smarandache geometries and containing these Finsler and Kähler geometries as sub-geometries in [12] .
In fact, by the Definition 1.1 a general but more natural way for constructing Smarandache geometries should be seeking for them on a union set of spaces with an axiom validated in one space but invalided in another, or invalided in a space in one way and another space in a different way. These unions are so called Smarandache multi-spaces. This is the motivation for this paper. Notice that in [8] , these multimetric spaces have been introduced, which enables us to constructing Smarandache geometries on multi-metric spaces, particularly, on multi-metric spaces with a same metric.
Definition 1.2 A multi-metric space
A is a union of spaces A 1 , A 2 , · · · , A m for an integer k ≥ 2 such that each A i is a space with metric ρ i for ∀i, 1 ≤ i ≤ m. Now for any integer n, these n-manifolds M n are the main objects in modern geometry and mechanics, which are locally euclidean spaces R n satisfying the T 2 separation axiom in fact, i.e., for ∀p, q ∈ M n , there are local charts (U p , ϕ p ) and (U q , ϕ q ) such that U p U q = ∅ and ϕ p : U p → B n , ϕ q : U q → B n , where B n = {(x 1 , x 2 , · · · , x n )|x These manifolds are locally euclidean spaces. In fact, they are also homogenous spaces. But the world is not homogenous. Whence, a more important thing is considering these combinations of different dimensions, i.e., combinatorial manifolds defined following and finding their good behaviors for mathematical sciences besides just to research these manifolds. Two examples for these combinations of manifolds with different dimensions in R 3 are shown in Fig.1 .1, in where, (a) represents a combination of a 3-manifold, a torus and 1-manifold, and (b) a torus with 4 bouquets of 1-manifolds.
Fig.1.1
For an integer s ≥ 1, let n 1 , n 2 , · · · , n s be an integer sequence with 0 < n 1 < n 2 < · · · < n s . Choose s open unit balls B 
A combinatorial manifold M is called finite if it is just combined by finite manifolds.
Notice that s i=1 B n i i = ∅ by the definition of unit combinatorial balls of degree s. Thereby, for ∀p ∈ M (n 1 , n 2 , · · · , n s ), either it has a neighborhood U p with ϕ p :
The main purpose of this paper is to characterize these finitely combinatorial manifolds, such as those of topological behaviors and differential structures on them by a combinatorial method. For these objectives, topological and differential structures such as those of d-pathwise connected, homotopy classes, fundamental d-groups in topology and tangent vector fields, tensor fields, connections, Minkowski norms in differential geometry on these combinatorial manifolds are introduced. Some results in classical differential geometry are generalized to finitely combinatorial manifolds. As an important invariant, Euler-Poincare characteristic is discussed and geometrical inclusions in Smarandache geometries for various existent geometries are also presented by the geometrical theory on finitely combinatorial manifolds in this paper.
For terminologies and notations not mentioned in this section, we follow [1] − [2] for differential geometry, [5] , [7] for graphs and [14] , [18] for topology. §2. Topological structures on combinatorial manifolds By a topological view, we introduce topological structures and characterize these finitely combinatorial manifolds in this section.
Pathwise connectedness
On the first, we define d-dimensional pathwise connectedness in a finitely combinatorial manifold for an integer d, d ≥ 1, which is a natural generalization of pathwise connectedness in a topological space. 
Not loss of generality, we consider only finitely combinatorial manifolds with a connectivity≥ 1 in this paper. Let M (n 1 , n 2 , · · · , n m ) be a finitely combinatorial manifold and d, d ≥ 1 an integer. We construct a labelled graph
Label n i for each n i -manifold in V 1 and 0 for each vertex in V 2 and
where 
Proof By definition, there is an edge (
. Not loss of generality, assume
Then we get that
by (2.1). However, according to Definition 1.4 we know that
Therefore, we get that
by combining (2.3) with (2.3). Notice that points labelled with 0 and 1 are always connected by a path. We get the conclusion (1). For the conclusion (2), notice that any finitely combinatorial manifold is always pathwise 1-connected by definition. Accordingly, 
Now we define an edge set
Then we get a graphical recursion equation for graphs of a finitely combinatorial manifold M as a by-product. 
for graphs of M .
Proof It can be obtained immediately by definition. ♮ For a given integer sequence 1 ≤ n 1 < n 2 < · · · < n m , m ≥ 1, denote by H d (n 1 , n 2 , · · · , n m ) all these finitely combinatorial manifolds M (n 1 , n 2 , · · · , n m ) with connectivity≥ d, where d ≤ n 1 and G(n 1 , n 2 , · · · , n m ) all these connected graphs G[n 1 , n 2 , · · · , n m ] with vertex labels 0, n 1 , n 2 , · · · , n m and conditions following hold.
(1) The induced subgraph by vertices labelled with 1 in G is a union of complete graphs;
(2) All vertices labelled with 0 can only be adjacent to vertices labelled with 1.
Then we know a relation between sets H d (n 1 , n 2 , · · · , n m ) and G(n 1 , n 2 , · · · , n m ).
is already verified by Theorem 2.1. For completing the proof, we only need to construct a finitely combinatorial manifold
The construction is carried out by the following programming. and define a vertex set ∆ 1 = {u 1 }.
. Then let the manifold correspondent to the vertex u l+1 with an intersection dimension≥ d with manifolds correspondent to these vertices v
and define a vertex set ∆ l+1 = ∆ l {u l+1 }. STEP 4. Repeat steps 2 and 3 until a vertex set ∆ t = V ≥1 has been constructed. This construction is ended if there are no vertices w ∈ V (G) with l(w) = 0, i.e., V ≥1 = V (G). Otherwise, go to the next step.
Let all these manifolds correspondent to vertices w 1 , w 2 , · · · , w e intersects at one point simultaneously and define a vertex set ∆ * t+1 = ∆ t {w}. STEP 6. Repeat STEP 5 for vertices in
. This construction is finally ended until a vertex set ∆ * t+h = V (G[n 1 , n 2 , · · · , n m ]) has been constructed. As soon as the vertex set ∆ * t+h has been constructed, we get a finitely combi-natorial manifold M. It can be easily verified that M ∈ H d (n 1 , n 2 , · · · , n m ) by our construction way. ♮
Combinatorial equivalence
For a finitely combinatorial manifold
. Reversing this idea enables us classifying finitely combinatorial manifolds in H d (n 1 , n 2 , · · · , n m ) by the action of automorphism groups of these correspondent graphs without labels.
We find a characteristic for combinatorially unique graphs.
combinatorially unique if and only if it is class-transitive. Proof For two integers
According to Theorem 2.3, we can get two finitely combinatorial manifolds
which implies that these finitely combinatorial manifolds correspondent to
♮ Now assume that for parameters t i1 , t i2 , · · · , t is i , we have known an enufunction
for n i -manifolds, where n i (t i1 , t i2 , · · · , t is ) denotes the number of non-homeomorphic n i -manifolds with parameters t i1 , t i2 , · · · , t is . For instance the enufunction for compact 2-manifolds with parameter genera is
p .
Consider the action of AutG
. If the number of orbits of the automorphism group AutG[n 1 , n 2 , · · · , n m ] action on {C(n i ), 1 ≤ i ≤ m} is π 0 , then we can only get π 0 ! non-equivalent combinatorial manifolds correspondent to the labelled graph G[n 1 , n 2 , · · · , n m ] similar to Theorem 2.4. Calculation shows that there are l! orbits action by its automorphism group for a complete (
i denotes that there are s i partite sets of order k i in this graph for any integer i, 1 ≤ i ≤ l, particularly, for K(n 1 , n 2 , · · · , n m ) with n i = n j for i, j, 1 ≤ i, j ≤ m, the number of orbits action by its automorphism group is m!. Summarizing all these discussions, we get an enufunction for these finitely combinatorial manifolds
such that the number of partite sets labelled with n i is s i for any integer i, 1 ≤ i ≤ m, then the enufunction correspondent to K(k
and the enufunction correspondent to a complete graph K m is
Proof Notice that the number of non-equivalent finitely combinatorial manifolds
Homotopy classes
Denote by f ≃ g two homotopic mappings f and g. Following the same pattern of homotopic spaces, we define homotopically combinatorial manifolds in the next.
Definition 2.4 Two finitely combinatorial manifolds
For equivalent homotopically combinatorial manifolds, we know the following result under these correspondent manifolds being homotopic. For this objective, we need an important lemma in algebraic topology.
Lemma 2.1(Gluing Lemma, [16] ) Assume that a space X is a finite union of closed
Proof By the Gluing Lemma, there are continuous mappings
We have known that a finitely combinatorial manifold M (n 1 , n 2 , · · · , n m ) is dpathwise connected for some integers 1 ≤ d ≤ n 1 . This consequence enables us considering fundamental d-groups of finitely combinatorial manifolds.
is defined to be a group generated by all homotopic classes of closed d-pathes based at x.
Whence, fundamental d-groups are a generalization of fundamental groups in topology. We obtain the following characteristics for fundamental d-groups of finitely combinatorial manifolds.
where
Proof For proving the conclusion (1), we only need to prove that for any cycle C in M (n 1 , n 2 , · · · , n m ), there are elements
and it is unique. Let
C is a closed trail, there must exist integers k
where h P ≡ 0(mod2) and ∆ denotes all of these open d-paths on C. Now let
If there is another decomposition
where a
are bases of the fundamental group π(M) and π(G d ) respectively, we must have
Whence, the decomposition (2.4) is unique. For proving the conclusion (2), notice that M (n 1 , n 2 , · · · , n m ) is pathwise dconnected. Let P d (x, y) be a d-path connecting points x and y in M (n 1 , n 2 , · · · , n m ). Define
for ∀C ∈ M (n 1 , n 2 , · · · , n m ). Then it can be checked immediately that
As a consequence, we get the following result by Theorem 2.7.
Proof According to the decomposition for π d ( M (n 1 , n 2 , · · · , n m ), x) in Theorem 2.7, it is trivial if and only if π(M) and π(
e M is simply d-connected and G d is a tree. ♮ For equivalent homotopically combinatorial manifolds, we also get a criterion under a homotopically equivalent mapping in the next.
Proof Notice that f can natural induce a homomorphism
We only need to prove that f π is an isomorphism.
By definition, there is also a homotopic equivalence g :
where µ is an isomorphism induced by a certain d-path from x to gf (x) in M (n 1 , n 2 , · · · , n m ). Therefore, g π f π is an isomorphism. Whence, f π is a monomorphism and g π is an epimorphism. Similarly, apply the same argument to the homotopy
where ν is an isomorphism induced by a d-path from f g(
So g π is a monomorphism and f π is an epimorphism. Combining these facts enables us to conclude that f π :
Euler-Poincare characteristic
It is well-known that the integer
with α i the number of i-dimensional cells in a CW -complex M is defined to be the Euler-Poincare characteristic of this complex. In this subsection, we get the EulerPoincare characteristic for finitely combinatorial manifolds. For this objective, define a clique sequence {Cl(i)} i≥1 in the graph G[ M] by the following programming.
STEP 4. Continue STEP 3 until we find an integer t such that there are no edges
By this clique sequence {Cl(i)} i≥1 , we can calculate the Eucler-Poincare characteristic of finitely combinatorial manifolds.
Theorem 2.9 Let M be a finitely combinatorial manifold. Then
Proof Denoted the numbers of all these i-dimensional cells in a combinatorial manifold M or in a manifold M by α i and
by applying the inclusionexclusion principe and the definition of Euler-Poincare characteristic we get that
By the definition of clique sequence of G[ M ], we finally obtain that
is just one of some special graphs, we can get interesting consequences by Theorem 2.9.
Since the Euler-Poincare characteristic of a manifold M is 0 if dimM ≡ 1(mod2), we get the following consequence.
Corollary 2.6 Let M be a finitely combinatorial manifold with odd dimension number for any intersection of k manifolds with
k ≥ 2. Then χ( M ) = M ∈V (G[ f M])
χ(M). §3. Differential structures on combinatorial manifolds
We introduce differential structures on finitely combinatorial manifolds and characterize them in this section.
Tangent vector fields Definition For a given integer sequence
1 ≤ n 1 < n 2 < · · · < n m , a com- binatorially C h differential manifold ( M (n 1 , n 2 , · · · , n m ); A) is a finitely combinato- rial manifold M (n 1 , n 2 , · · · , n m ), M (n 1 , n 2 , · · · , n m ) = i∈I U i ,
endowed with a atlas
for an integer h, h ≥ 1 with conditions following hold.
(1) {U α ; α ∈ I} is an open covering of M (n 1 , n 2 , · · · , n m ); (2) For ∀α, β ∈ I, local charts (U α ; ϕ α ) and (U β ; ϕ β ) are equivalent, i.e., U α U β = ∅ or U α U β = ∅ but the overlap maps
Denote by ( M(n 1 , n 2 , · · · , n m ); A) a combinatorially differential manifold. A finitely combinatorial manifold M (n 1 , n 2 , · · · , n m ) is said to be smooth if it is endowed with a C ∞ differential structure.
Let A be an atlas on M (n 1 , n 2 , · · · , n m ). Choose a local chart (U; ̟) in A.
is called the coordinate matrix of p. For emphasize ̟ is a matrix, we often denote local charts in a combinatorially differential manifold by (U; [̟]). Using the coordinate matrix system of a combinatorially differential manifold ( M(n 1 , n 2 , · · · , n m ); A), we introduce the conception of C h mappings and functions in the next.
be smoothly combinatorial manifolds and
In the extreme h = ∞, these terminologies are called smooth mappings and functions, respectively. Denote by X p all these C ∞ functions at a point p ∈ M (n 1 , n 2 , · · · , n m ).
For the existence of combinatorially differential manifolds, we know the following result.
there exist atlas
then there is a differential structures
Proof By definition, We only need to show that we can always choose a neighborhood U p and a homoeomorphism [̟ p ] for each p ∈ M (n 1 , n 2 , · · · , n m ) satisfying these conditions (1) − (3) in definition 3.1.
By assumption, each manifold
, p is an intersection point of manifolds
Then applying the Gluing Lemma again, we know that there is a homoeomorphism
be a smoothly combinatorial manifold and p ∈ M (n 1 , n 2 , · · · , n m ). A tangent vector v at p is a mapping v : X p → R with conditions following hold.
Denoted all tangent vectors at
Then it can be shown immediately that T p M (n 1 , n 2 , · · · , n m ) is a vector space under these two operations+and·.
Theorem 3.2 For any point
with a basis matrix 
. We only need to prove that f can be spanned by elements in
, since f is smooth, we know that
Then we find that
Therefore, for ∀q ∈ U p , there are 
The formula (3.2) shows that any tangent vector v in T p M (n 1 , n 2 , · · · , n m ) can be spanned by elements in (3.1) .
Notice that all elements in (3.1) are also linearly independent. Otherwise, if there are numbers
then we get that
is a basis of the tangent vector space
This can only happens while M (n 1 , n 2 , · · · , n m ) is combined by one manifold. As a consequence, we get a well-known result in classical differential geometry again.
be a smooth manifold and p ∈ M n . Then
with a basis
Then we immediately obtain the result following.
with a basis matrix
(n i − s(p)) by Theorems 3.2 and 3.3, we also know that
Similar to the classical differential geometry, we can also define operations ϕ ∧ ψ for ∀ϕ, ψ ∈ T 
We first establish the uniqueness. If k = 0, the local formula dα = ∂α ∂x µν dx µν applied to the coordinates x µν with 1 ≤ ν j ≤ n µ i for 1 ≤ µ i ≤ s(p), 1 ≤ i ≤ k shows that the differential of x µν is 1-form dx µν . From (3), d(x µν ) = 0, which combining with (1) shows that d(dx
and d is uniquely determined on U by properties ( 
and (1) is verified. For (3), symmetry of the second partial derivatives shows that 
Proof By Theorem 2. 
Proof Denote by α(X, Y ) the right hand side of the formula. We know that
It can be checked immediately that α is bilinear and for
by definition. Accordingly, α is a differential 2-form. We only need to prove that for a local chart (U, [ϕ]),
In fact, assume ω| U = ω µν dx µν . Then
On the other hand,
Therefore, dω| U = α| U . ♮
Connections on tensors
We introduce connections on tensors of smoothly combinatorial manifolds by the next definition.
We get results following for these connections on tensors of smoothly combinatorial manifolds. 
, where
and Γ κλ (σς)(µν) is a function determined by
Proof We first prove that any connection D on smoothly combinatorial manifolds M is local by definition, namely for X 1 , X 2 ∈ X ( M ) and
Since their proofs are similar, we check the first only.
In fact, if τ = 0, then τ = τ − τ . By the definition of connection,
Now let p ∈ U. Then there is a neighborhood V p of p such that V is compact and V ⊂ U. By a result in topology, i.e., for two open sets
As a consequence, we get that (
The local property of D enables us to find an induced connection We get a result for connections on smoothly combinatorial manifolds similar to that of Riemannian geometry. for a connection D on tensors of M and ∀Z ∈ X ( M). Thereby, the equality (3.4) is equivalent to that of D Z g = 0 for ∀Z ∈ X ( M ), namely D is torsion-free. 
Minkowski Norms
These Minkowski norms are the fundamental in Finsler geometry. Certainly, they can be also generalized on smoothly combinatorial manifolds. 
